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We theoretically study magnon-phonon hybrid excitations in a square lattice ferromagnet sub-
jected to a magnetic field by varying the field direction. The bulk bands of hybrid excitations, which
are referred to as magnon-polarons, are investigated by considering all three phonon modes: vertical
phonon, transverse phonon, and longitudinal phonon. We show that the topological proprieties of
three hybridizations are different in terms of the Berry curvature and the Chern numbers. We also
find that the topological properties of the bands can be controlled by changing the direction of the
magnetic field, exhibiting one or more topological phase transitions. The dependence of thermal
Hall conductivity as a function of magnetic field direction is proposed as an experiment probe of
our theoretical results.
I. INTRODUCTION
Since the discovery of the quantum Hall effects [1–3],
intrinsic topological properties of electronic bands have
been a subject of long standing interest. The Berry
phase and Berry curvature [4] of electron bands, which
characterize their topological properties, are responsible
for various electron transport phenomena such as the
anomalous Hall effect [5, 6] and the spin Hall effect [7–
9]. The study of the Berry curvature has been extended
to collective bosonic excitations such as magnons [10–
14] and phonons [15–17]. The finite Berry curvature
of the bosonic bands can also give rise to various Hall
effects such as the thermal Hall effect[10–14, 17]. Be-
sides these, the hybridized excitation of magnons and
phonons, which is called magnetoelastic wave [18] or
magnon-polaron [19], has also been predicted to exhibit a
finite Berry curvature and possess the associated nontriv-
ial topology, e.g., in ferromagnets with long-range dipo-
lar interaction [20] or Dzyaloshinskii-Moriya (DM) in-
teraction [21], in noncollinear antiferromagnets with ex-
change magnetorestriction [22], and in collinear ferrimag-
nets with DM-induced magnon-phonon coupling [23].
Even without such long-range dipolar interaction, DM
interaction, or special lattice symmetry, recent works [24,
25] have shown that the nontrivial topology of magnon-
polaron can emerge in a two-dimensional (2D) magnet
by taking account of the well-known magnetoelastic in-
teraction driven by Kittel [26]. In particular, it has been
shown that the topological structure can be controlled by
the magnetic field via the change of the number of band-
crossing lines. However, the previous investigations have
been restricted to the cases where the magnetic field and
the ground-state spin direction are perpendicular to the
plane, and, in that case, magnons only couple with out-
of-plane (ZA) phonons, not affecting the other in-plane
phonon modes.
In this paper, we study a more general problem: topo-
logical properties of magnon-phonon modes in a square
lattice ferromagnet subjected to a magnetic field in an
arbitrary direction. See Fig. 1 for the schematic illus-
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FIG. 1: (a) The schematic illustration of the model sys-
tem, where spins denoted by arrows are arranged in a
square lattice. The external magnetic field B is in x-z
plane with tilt angle θ from the z axis. The ground
state is given by the uniform spin state along the mag-
netic field B. x′-y-z′ is the rotated coordinate frame,
where z′ is the spin direction in the ground state. The
displacement vector of ions is denoted by the three-
dimensional vector u = (ux, uy, uz). (b) The schematic
illustration of the thermal Hall effect, which refers to
the generation of the transverse heat flux jQ by a tem-
perature gradient ∇T in the longitudinal direction. In
our work, the thermal Hall effect is induced by the fi-
nite Berry curvature of magnon-polarons.
tration of the system. When the magnetic field is away
from z direction, the magnons couples not only with ZA
phonons, but also with in-plane phonons. Since there are
two types of in-plane phonons, longitudinal (LA) phonon
and transverse (TA) phonon [27–30] in 2D thin film, the
dependence of the topological property as well as the
thermal Hall conductivity on the field direction are in-
vestigated by considering all three phonon modes: ver-
tical, transverse, and longitudinal phonons. Specifically,
we investigate the topological structures of the magnon-
polaron bands by mapping our model to the well-known
two-band model of topological insulator [9] by focusing
on each band crossing lines. As an experimental probe,
we propose the dependence of thermal Hall conductivity
on the magnetic field direction.
Our paper is organized as follows. In Sec. II, we de-
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2scribe our model including magnetic interaction, elastic
interaction and magnetoelastic coupling. In Sec. III, we
study the effect of magnon-phonon coupling on the collec-
tive excitations and their topological structures. In Sec
IV, we present our results on experimental prediction of
the thermal Hall conductivity as a function of magnetic
field direction. We conclude the paper in Sec. V by pro-
viding summary and outlook.
II. MODEL
Our model system is a 2D ferromagnet on a square
lattice described by the Hamiltonian
H = Hmag +Hph +Hmp , (1)
where Hmag and Hph are the magnetic and elastic sub-
system, respectively, and Hmp is the magnetoelastic term
between them. We will describe each term in detail be-
low.
A. Magnetic Subsystem
The magnetic term is given by
Hmag = −J
∑
i,j
Si · Sj −B ·
∑
i
Si (2)
where J > 0 is the ferromagnetic Heisenberg exchange
interaction and B = B(sin θ, 0, cos θ) is the external mag-
netic field with a tilt angle θ from z axis rotated about
y axis. The ground state of spin direction is along B,
n0 = (sin θ, 0, cos θ).
To obtain the magnon band, we will work in a rotated
spin frame, where z′ is in the direction ofB, y′ is the same
as y and x′ is chosen according to right-handed coordi-
nate system. We perform Holstein-Primakoff transforma-
tion, Sx
′
i ≈ (
√
2S/2)(ai + a
†
i ), S
y′
i ≈ (
√
2S/2)(ai − a†i ),
Sz
′
i = S − a†iai, where ai and a†i are, respectively, the
annihilation and the creation operators of a magnon
at site i. By taking the Fourier transformation, ai =∑
k e
ik·Riak/N , where N is the number of sites in the
system, we diagonalize the magnetic Hamiltonian in the
momentum space:
Hmag =
∑
k
~ωm(k)a†kak , (3)
where the magnon dispersion is given by ωm(k) =
[2JS(2 − cos kx − cos ky) + B]/~. Here and thereafter,
we set lattice constant a = 1. In long wavelength limit,
we obtain the dispersion
ωm(k) = (JSk
2 +B)/~ . (4)
The magnon dispersion is quadratic at small wavevector
with a gap ∝ B.
B. Elastic Subsystem
The phonon system accounting for the elastic degree
of freedom of the lattice is described by the following
Hamiltonian:
Hph =
∑
i
p2i
2M
+
1
2
∑
i,j,α,β
uαi Φ
α,β
i,j u
β
j , (5)
where ui is the displacement vector of the ith ion from
its equilibrium position, pi is the conjugate momentum
vector, M is the ion mass, and Φα,βi,j is a force constant
matrix between site i and site j (α, β = x, y, z). We con-
sider a lattice model with in-plane force constant between
nearest and second nearest neighbor to be a1 and a2, and
out-of-plane force constant between nearest neighbor to
be a3. It is convenient to describe in the momentum
space,
Hxyph =
∑
k
pα−kp
α
k
2M
+
1
2
uα−kΦ
αβ(k)uβk ,
Hzph =
∑
k
pz−kp
z
k
2M
+
1
2
uz−kΦ
z(k)uzk,
(6)
where Φxx(k) = 2a1(1− cos kx) + 2a2(1− cos kx cos ky),
Φxy(k) = 2a2 sin kx sin ky, Φ
yx(k) = 2a2 sin kx sin ky,
Φyy(k) = 2a1(1 − cos ky) + 2a2(1 − cos kx cos ky) and
Φz(k) = 2a3(2 − cos kx − cos ky). Note that in-plane
and out-of-plane mode do not couple [28–30], as uxuz
and uyuz terms must vanish under the mirror symmetry
for 2D system.
We can obtain diagonalized phonon Hamiltonian in
quantized phonon operators, bk,i and b
†
k,i, for longitudi-
nal acoustic(LA) mode, in-plane transverse acoustic(TA)
mode from first equation, for out-of-plane transverse
acoustic(ZA) mode from second equation.
Hph =
∑
k
~ωip(k)(b
†
k,ibk,i +
1
2
) , (7)
where ωLp (k), ω
T
p (k), ω
Z
p (k) are phonon dispersions for
LA, TA and ZA phonon mode, respectively. ωZp (k) =√
Φz(k)/M and ω
L/T
p (k) =
√
ΦL/T (k)/M , where
ΦL/T (k) are two eigenvalues of Φαβ(k). In the long wave-
length limit,
ωZp (k) = v
Z
p k ,
ωLp (k) = v
L
p (φk)k ,
ωTp (k) = v
T
p (φk)k ,
(8)
where phonon velocities are vZp =
√
a3/M and v
L/T
p (φk)
= [(a1 + 2a2 ±
√
cos2 2φka21 + 4 sin
2 2φka22)/2M ]
1/2,
where +/− are chosen for LA/TA respectively. It can
be easily found from above equation that phonon veloc-
ity of LA phonon is larger than TA phonon. We will
consider thin film, where less strain is in out-of plane
3direction than in-plane direction, and therefore we will
assume vLp > v
T
p > v
Z
p [28–30].
The phonon operators are introduced in such a way
that
uZk =
1
2
√
~
MωZp (k)
(
bk,Z + b
†
−k,Z√
2
)
,
pZk =
√
~MωZp (k)
(
b−k,Z − b†k,Z√
2i
)
,
(9)
and for in plane vibration,
u
L/T
k =
√
~
Mω
L/T
p (k)
(
bk,L/T + b
†
−k,L/T√
2
)
eˆL/T (k) ,
p
L/T
k =
√
~MωL/Tp (k)
(
b−k,L/T − b†k,L/T√
2i
)
eˆL/T (k) ,
(10)
where eˆL/T (k) are the normalized two-dimensional eigen-
vectors of Φαβ(k), representing the x, y components
of the mode. These vectors are given by eˆL(k) =
(cosφk, sinφk) and eˆ
T (k) = (sinφk,− cosφk) for a pure
longitudinal and transverse mode, but generally speak-
ing, the LA and TA phonon modes are not entirely lon-
gitudinal or transverse, eˆL(k) ∦ k and eˆT (k) 6⊥ k, unless
k = (kx, ky) are along the high symmetry directions, e.g.,
(1, 0), (1, 1), (0, 1). One special case is that a1 = 2a2,
when ω
L/T
p (k) are isotropic and LA and TA phonons
are pure longitudinal and transverse in any direction in
long wavelength limit. We show the magnon and three
phonon dispersions in Fig. 2. Without magnon-phonon
coupling, the gappd magnon band crosses with each of
the gapless phonon band at a ring of momentum satisfies
ωm(k) = ω
i
p(k). We do not include the second possi-
ble band crossing at larger momentum [24] as they are
of much higher energy, and therefore less significant for
transport at sufficiently low temperature.
C. Magnetoelastic Coupling
The magnetoelastic coupling is generally modeled by
the following energy density [26], which takes into ac-
count of the interaction between the magnetization and
lattice deformation due to strain.
mp = κ1(S
2
xexx + S
2
yeyy + S
2
zezz)
+ κ2(SxSyexy + SxSzexz + SySzeyz) ,
(11)
where emn = ∂u
m/∂n+ ∂un/∂m.
We can use the three-dimensional rotation matrix R
that transforms the z axis to the equilibrium spin direc-
tion n0: n0 = Rn′0, with n′0 = zˆ and n0 = (sin θ, 0, cos θ)
Using the rotational transformation, SxSy
Sz
 =
 cos θ 0 sin θ0 1 0
− sin θ 0 cos θ
 Sx′Sy′
Sz′
 , (12)
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FIG. 2: Dispersion relation of excitation bands with
magnetic field tilt angle θ = pi/8 and parameters used
are given in the main text of Sec. III. (a) Dispersion of
ZA, LA, TA phonons and magnons, denoted by Mag,
without magnetoelastic coupling. (b) Contour plot of
the rings of momentum that magnons cross with LA,
TA and ZA phonons. (c) Dispersion in kx direction
without magnetoelastic coupling. (d) Hybridization
of magnons and ZA, LA, TA phonons in kx direction
in the presence of magnetoelastic coupling. Inset is a
zoom-in of magnons and phonons crossing.
we obtain the magnetoelastic energy density in linear or-
der of the magnon amplitude, Sx′ and Sy′ ,
mp = κ1 sin 2θSx′Sz′exx + κ2 sin θSy′Sz′exy
+ κ2 cos 2θSx′Sz′exz + κ2 cos θSy′Sz′eyz
(13)
In terms of the magnon and phonon operator intro-
duced earlier in Eq. (3) and Eq. (7), the magne-
toelastic coupling term can be recast into particle-
number-conserving terms, a†b, ab†, and particle-number-
nonconserving terms, a†b†, ab. We follow Ref. [24] by
neglecting the particle-number-non-conserving terms be-
cause the effect of those on band structure is of quadratic
order in the magnetoelastic coupling and thus is much
smaller than the effect of the particle-number-conserving
terms.
The particle-number-conserving Hamiltonian is then
given by
H ≈
∑
k
(a†k, b
L†
k , b
T†
k , b
Z†
k )Hk

ak
bLk
bTk
bZk
 , (14)
with
Hk =

~ωm(k) ML MT MZ
M∗L ~ωLp (k) 0 0
M∗T 0 ~ωTp (k) 0
M∗Z 0 0 ~ωZp (k)
 , (15)
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FIG. 3: The Berry curvatures of the upper band in log-
scale Γ(Ω) = sign(Ω) log(1 + |Ω|) (right) and schematic
illustration of dˆ(k) (left) from magnon and ZA phonon
coupling. The in-plane components of the dˆ vector,
(dˆx, dˆy), are shown as arrows. (a, b) Magnetic field
with tilt angle θ = pi/8. (c, d) Magnetic field with tilt
angle θ = 3pi/8.
where
ML = κ˜L
[
κ1
κ2
2 sin 2θeLx ikx − sin θeLxky − sin θeLy kx
]
,
MT = κ˜T
[
κ1
κ2
2 sin 2θeTx ikx − sin θeTx ky − sin θeTy kx
]
,
MZ = κ˜Z(cos 2θikx − cos θky) , (16)
and κ˜i =
κ2
2 S
√
~S
Mωip(k)
.
In the case of a1 = 2a2 when LA phonon is pure lon-
gitudinal and TA phonon is pure transverse,
ML = κ˜L
(
κ1
κ2
2 sin 2θ cos2 φki− sin θ sin 2φk
)
k ,
MT = κ˜T
(
κ1
κ2
sin 2θ sin 2φki+ sin θ cos 2φk
)
k ,
MZ = κ˜Z(cos 2θ cosφki− cos θ sinφk)k .
(17)
The band structure of magnon-phonon hybrid system
is obtained by diagonalizing Eq. (15). Without magnon-
phonon coupling, magnon band crosses with ZA, LA,
TA phonon band and the excitations are not hybridized.
With the presence of magnon-phonon couplings, bands
open up the gaps at the bands crossing rings and form
hybridized excitations, namely magnon-polarons, which
induces the nontrivial topological properties of the bands,
(a) (b)
(c) (d)
FIG. 4: The Berry curvatures of the upper band in log-
scale Γ(Ω) = sign(Ω) log(1 + |Ω|) (right) and schematic
illustration of d(k) (left) from magnon and TA phonon
coupling, the in-plane components of the dˆ vector,
(dˆx, dˆy) are shown as arrows. (a, b) Magnetic field with
tilt angle θ = pi/4. (c, d) Magnetic field with tilt angle
θ = 3pi/4
characterized by the Berry curvature. See Fig. 2(d) for
the hybridized bands plot.
III. TOPOLOGICAL PROPERTIES
The rigorous calculation of band structure and Chern
number can be done with SU(4) formalism [31]. For weak
coupling [25], the Berry curvature concentrates in the
vicinity of the avoided crossing ring, while the three rings
of momentum satisfying ωm(k) = ω
i
p(k) are relatively
separated from each other. We can use the familiar two-
band theory of topological insulator [9, 32] to understand
the band topology by focusing on each pair of magnon
and phonon bands.
We can write the Bloch Hamiltonian, Eq. (15) in the
following form near each band crossing:
Hk =
 Hi2×2(k) 0 00 ~ωjp(k) 0
0 0 ~ωkp(k)
+ Vk , (18)
where Vk is a perturbation term that does not participate
in opening the gap between the two bands (εm, ε
i
p), and
Hi2×2(k) can be written into the form of
Hi(k) = 1
2
~(ωm + ωip)I + di(k) · σ , (19)
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FIG. 5: Dependence of the Chern number of upper
branch Ci,+ on tilt angle θ (a) for the hybridization of
magnons and ZA phonons and (b) for the hybridization
of magnons and TA phonons. |CZ,+| = 1 and its sign
changes at θ = pi/4, pi/2 and 3pi/4. |CT,+| = 2 and its
its sign changes at θ = pi/2.
with σ = (σx, σy, σz) are Pauli matrices and d
i(k) for
each band crossing are
dZ(k) =[−κ˜Z cos θ sinφkk,−κ˜Z cos 2θ cosφkk,
1
2
~(ωm − ωZp )]
dL(k) =[−κ˜L sin θ sin 2φkk,−κ˜Lκ1
κ2
2 sin 2θ cos2 φkk,
1
2
~(ωm − ωLp )] ,
dT (k) =[κ˜T sin θ cos 2φkk,−κ˜T κ1
κ2
sin 2θ sin 2φkk,
1
2
~(ωm − ωTp )] .
(20)
In terms of the normalized vector dˆ = d/|d|, the Berry
curvature is written explicitly as
Ωi±(k) = ∓
1
2
dˆi(k) ·
(
∂dˆi(k)
∂kx
× ∂dˆ
i(k)
∂ky
)
, (21)
where + and − are for upper and lower bands, respec-
tively. The corresponding expression for Chern number
is given by [32–34]
Ci,± =
1
2pi
∫
d2kΩi±(k) , (22)
which is the skyrmion number of the dˆ vector [32], count-
ing how many times dˆ wraps the unit sphere in the Bril-
louin zone.
We note that the magnon and LA phonon coupling
aways vanishes in ky direction. This can be understood
from Eq. (13). As we set the magnetic field in x-z plane,
there is no term with eyy = ∂uy/dy. This means LA
phonons at ky direction does not couple to magnons and
the two hybridized bands are touching at (0,±ky). The
Berry curvatures at the touching points are not well de-
fined. Similar phenomena has also been found in Weyl
semimetal and such points are called Weyl points [35].
The corresponding Chern number from magnon and ZA
phonon coupling is |CZ | = 1 and one for magnon and TA
phonon coupling is |CT | = 2, which can be easily under-
stood by the dependence of polar angle φk in Eq. (20).
Prefactor of dZx and d
T
y change sign across θ = pi/2, and
prefactor of dZy changes sign across θ = pi/4 and 3pi/4.
Across each of these angles, dˆ changes its winding di-
rection, and therefore there is a topological transition as
well. See Fig. 5 for the dependence of Chern number on
magnetic filed tilt angle θ from 0 to pi. When θ = pi/4
or 3pi/4, the mangnon and ZA phonon coupling vanishes
in the kx direction. When θ = pi/2, the mangnon and
ZA phonon coupling vanishes in the ky direction and the
mangnon and TA phonon coupling vanishes in the direc-
tion of φk = npi/4 with odd integer n. The Berry cur-
vatures are not well defined at the band touching points
at these critical angles. When θ = 0 and pi, there is no
coupling between mangons and LA, TA phonons at any
momentum. Hybridization only occurs between magnons
and ZA phonons as previously reported [24].
The above discussion about band touching and topo-
logical transition holds even if a1 6= 2a2 since the phonon
modes are always longitudinal or transverse in the di-
rection of φk = npi/4 with integer n. The effect can be
shown by replacing φk in eˆ
L/T (φk) with function ψ(φk),
where ψ(φk) is a monotonically increasing function of φk
and satisfies ψ(φk) = φk at φk = npi/4.
We show the change of the Berry curvatures and the
topological properties for magnon and ZA phonon cou-
pling in Fig. 3 and magnon and TA phonon coupling
in Fig. 4. For calculation, we used the parameters
of the monolayer ferromagnet CrI3 in Refs. [21, 36–38]
(J=2.2 meV, S=3/2, Mc2=5×1010 eV). The force con-
stant is taken a1=2×105 meV/nm2, a2=105 meV/nm2,
a3=5×104 meV/nm2; the coupling strengths are taken
κ1=10 meV/nm and κ2=5 meV/nm. The external mag-
netic field is taken B=0.5 meV. We found the dominant
contribution of the Berry curvature comes from vicinity
of the ring where two bands cross and it changes sign
across the critical angles as shown in Fig. 3(b, d) and
Fig. 4(b, d). Note that there is singularity of the Berry
curvature near k = 0. This originates from the 1/
√
ωk
dependence of κ˜ in d(k). We verified that its contribu-
tion to the Chern number and thermal Hall conductivity
is negligible despite the divergence. In Fig. 3(a, c), we
found that the skyrmion number of dˆ vector at magnon
and ZA phonon crossing corresponds to C+ = 1 at
θ = pi/8 and corresponds to C+ = −1 at θ = 3pi/8.
In Fig. 4(a, c), we found that the skyrmion number of dˆ
vector at magnon and TA phonon crossing corresponds
to C+ = 2 at θ = pi/4 and it corresponds to C+ = −2 at
θ = 3pi/4.
IV. THERMAL HALL CONDUCTIVITY
The finite Berry curvatures of magnon-phonon hybrid
excitations give rise to the intrinsic thermal Hall effect as
shown below. The semiclassical equations of motion for
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FIG. 6: (a) The contributions κxyZ , κ
xy
T and κ
xy
L to the
thermal Hall conductivities from magnon-ZA phonon
coupling, magnon-LA phonon coupling, and magnon-
TA phonon coupling, respectively. Parameter used are
T=10K and B=0.1meV. (b) Dependence of the total
thermal Hall conductivity κxy on the tilt angle for sev-
eral different magnetic fields at T=10 K.
the wave packet of magnon-polarons are given by [39, 40]
r˙ =
1
~
∂En(k)
∂k
− k˙× Ωn(k), ~k˙ = −∇U(r) , (23)
where U(r) is the potential acting on thewave packet
which can be regarded as a confining potential of the
bosonic excitation.
The Berry-curvature-induced thermal Hall conductiv-
ity is given by [12, 13]
κxy = −k
2
BT
~V
∑
n,k
c2(ρn,k)Ωn(k) , (24)
where c2(ρ) = (1 + ρ) ln
2[(1 + ρ)/ρ] − ln2 ρ − 2Li2(−ρ),
ρn,k = [e
En(k)/kBT − 1]−1 is Bose-Einstein distribution
function with a zero chemical potential, kB is the Boltz-
mann constant, T is the temperature, and Li2(z) is the
polylogarithm function.
In Fig. 6(a), we show the dependence of thermal Hall
conductivity on the magnetic field tilt angle from con-
tribution of magnon with ZA, LA, TA phonon coupling
separately at B = 0.1 meV. At θ = 0, there is no contri-
bution from LA and TA phonon because there is no Berry
curvature from them. Across θ = pi/4, the contribution
of ZA phonon becomes negative because the Berry cur-
vature change sign at this angle. At θ = pi/2, when the
ground state spin direction is in-plane, all the contribu-
tions vanish and the thermal Hall conductivity becomes
zero as expected from the general symmetry grounds as
follows. The thermal Hall conductivity is odd under time
reversal: κxy(θ) = −κxy(pi + θ). Our system respects
the two-fold rotational symmetry: κxy(θ) = κxy(2pi− θ).
Then, it follows κxy(θ) = −κxy(pi − θ). In particular, we
have κxy(pi/2) = 0, implying the absence of the thermal
Hall effect for the in-plane magnetic field. In summary,
the thermal Hall conductivity starts from a finite positive
value at θ = 0. It starts to increase as the angle increases
and reaches the maximum, then decreases to the nega-
tive minimum by passing zero at θ = pi/2. Eventually,
it increases to a negative value at θ = pi as shown in
Fig. 6(b).
V. DISCUSSION
In this paper, we studied topological properties of
magnon-polarons in a square lattice ferromagnet with
Kittel’s magnetoelastic interaction subjected to a mag-
netic field in an arbitrary direction. In our model, the
magnons couples with longitudinal and transverse in-
plane phonons as well as out-of-plane phonons. We inves-
tigated the topological structure of the magnon-polaron
bands by mapping our model to the well-known two-band
model of topological insulator near each band crossing
point. The Berry curvature and the Chern number corre-
sponding to three hybridizations are found to differ as fol-
lows. First, magnons and out-of-plane phonons coupling
gives rise to a Chern number |C|=1, which changes sign
at θ = pi/4, pi/2 and 3pi/4. Secondly, magnons and trans-
verse in-plane phonons coupling gives rise to a Chern
number |C| = 2, which changes sign at θ = pi/2. Thirdly,
the hybridization of magnons and longitudinal in-plane
phonons does not possess the well-defined Chern num-
ber since there are two points in the momentum space
where the gap is not opened up. We also calculated the
dependence of thermal Hall conductivity based on our
model as an experimental probe. The unique behavior of
thermal Hall conductivity as a function of the field direc-
tion reflects the contributions from in-plane and out-of
plane phonons and can be used to probe the topological
tunability of the magnon-polaron bands.
Kittel’s magnetoelastic interaction originates from the
magnetic anisotropy, which is ubiquitous in ferromag-
netic thin film structure [41], but the effect of magne-
toelastic coupling on magnetic dynamics is still largely
unknown. In our model, we used a Hamiltonian that is
bilinear in the magnon and phonon operator, which re-
sult in the hybridization of magnon and phonon mode,
by neglecting higher-order terms. If magnetoelastic in-
teraction is sufficiently strong , the band will be strongly
renormalized [42] and may require the inclusion of the
higher-order terms. The physics of strong magnetoelastic
interaction could be more pronounced in two dimensional
magnets with weak mechanical stability [43, 44], which
will be pursued in the future.
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